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Abstract Grey relational degree analysis has been successfully adopted in various fields, but the existing
grey relational analysis methods cannot deal with the three-dimensional panel data. In this paper, based
on the grey convex relational degree for two-dimensional data and an approximation of theHessianmatrix
for a discrete sequence, we propose a novel Grey convex Relational degree for the three-dimensional
Panel Data (GRPD), which uses the similar characteristic of convexity among relevant factors to measure
relational degree. An example of evaluation sustainable development is given to illustrate that the GRPD
can more fully reflect the correlation degree among relevant factors.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
In the theory of control, people often make use of colors to
describe the degree of clearness of the available information.
For instance, Ashby refers to objects with unknown internal
information as black boxes. This terminology has been widely
accepted in the scientific community. As another example,
as a society moves toward democracy, the citizens gradually
demand more information regarding the formation of policies
and more in depth meaning of those policies. That is, the
citizens want to have an increased degree of transparency.
We use ‘black’ to indicate unknown information, ‘white’ for
completely known information, and ‘grey’ for partially known
and partially unknown information. Accordingly, the systems
with completely known information will be regarded as white,
those systems with completely unknown information as black,
and the systemswith partially known information and partially
unknown information will be seen as grey. Incompleteness in
information is the fundamental meaning of being ‘‘grey’’.
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doi:10.1016/j.scient.2012.11.002Grey relational degree analysis, proposed by Deng [1], is an
important method and has been successfully applied in various
fields [1–11]. With a given reference sequence and a given set
of comparative sequences, grey relational analysis can be used
to determine grey relational degree between the reference and
each element in the given set [3].
In literature a number of different methods are proposed to
improve the grey relational degree. Wu and Chen considered
that the existing grey relational degree will vary considerably
with the taken distinguished coefficients and cannot reflect
the geometric pattern similarity of the data, so, an improved
grey relational analysis is put forward [12]. An improved
model of the grey T correlation degree, which can reflect the
positive and negative relation of a sequence, is presented [13].
Grey relational analysis based on an instance based learning
approach is proposed [14]. The grey relational analysis and
particle swarmoptimization are integrated for software-quality
classification [15]. An improved grey relational projection
method is proposed to select the optimum building envelope
alternative [16]. Yamaguchi et al. developed a new grey
relational analysis by expanding a range of treatable value [17]
and proposed a reliable topological-based grey relational
analysis [18]. We discussed the grey convex relational degree
for two-dimensional data, which used the proximity of
relative convexity among relevant factors tomeasure relational
degree [19]. However, the above grey relational analysis
methods can only be used for time series data or cross-sectional
data [20], not for three-dimensional panel data.
evier B.V. Open access under CC BY-NC-ND license.
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panel data and dynamic multiple attribute decision mak-
ing [21–25]. So, we expand the grey convex relational degree
to three-dimensional panel data in this paper.
Sustainability has become an increasingly significant issue.
As a method, grey assessment is used to evaluate the system
of ecological green space on green projects in Taiwan [6].
Alessandro et al. used multi-criteria analysis to assess and
comparemunicipal performance for environmental quality and
sustainability in Reggio Emilia province, Italy [26]. A model has
been developed to measure the environmental sustainability of
energy projects [27]. Siche et al. made a comparison between
the two most used environmental sustainability indices of
nations: ecological footprint and environmental sustainability
index [28]. The urban environmental sustainability of 46 typical
Chinese cities in 2007 was evaluated with data envelopment
analysis [29]. But, the above research only used the data
of one year to evaluate sustainability. Actually, evaluating
sustainability should consider long-term environmental effects
and socio-economic development, and utilize the long-term
data. In this paper, grey convex relational degree is used to
attempt to evaluate environmental sustainability in Bohai-Rim
Economic Circle from a global perspectivewith a set comprising
5 areas for the 6-year period, 2002–2007.
The next section presents an overview of the relevant lit-
erature on grey relational degree. Section 3 provides a new
grey convex relational degree for three-dimensional panel data,
Section 4 proposes numerical experiment and the final section
discusses conclusions.
2. Literature review
2.1. The traditional grey relational degree [1–4]
Given a system’s behavioral sequence:
Xi = (xi(1), xi(2), . . . , xi(n)), i = 1, 2, . . . ,m,
the values of the original sequences must be normalized to be
in the same order because an inaccurate grey relational degree
will be induced by order variation of the data characterizing the
factors. The original data are commonly normalized by (a) initial
value or (b) mean value. The two normalized algorithms are as
follows [12]:
(a) The data normalized by initial value.
The normalized sequences, X ′i , by initial value can be
derived as:
X ′i = {x′i(1), x′i(2), . . . , x′i(n)}
=

xi(1)
xi(1)
,
xi(2)
xi(1)
, . . . ,
xi(n)
xi(1)

, i = 1, 2, . . . ,m, (1)
where xi(1) is the first data of the corresponding Xi factor.
(b) The data normalized by mean value.
The normalized sequences,X ′i , bymean value can be derived
as:
X ′i = {x′i(1), x′i(2), . . . , x′i(n)}
=

xi(1)
Xi
,
xi(2)
Xi
, . . . ,
xi(n)
Xi

, i = 1, 2, . . . ,m, (2)
where Xi = 1n
n
k=1 xi(k).Given a reference sequence:
X0 = (x0(1), x0(2), . . . , x0(n)),
and comparative sequences:
Xi = (xi(1), xi(2), . . . , xi(n)), i = 1, 2, . . . ,m,
the grey relational coefficient between X0 and Xi at point kwas
defined by Deng as follows:
γ (x0(k), x(k)) = ∆min + ξ∆max
∆0i(k)+ ξ∆max , (3)
which can be intuitively considered as the point-to-point
relation, where:
∆0i(k) = |x0(k)− xi(k)|,
∆min = ∆min∀i min∀k∆0i(k),
∆max = ∆max∀i max∀k∆0i(k).
ξ ∈ (0, 1) is a distinguishing coefficient used to adjust the
range of the comparative environment, and to control the level
of differences of the relational coefficients.
γ (X0, Xi) = 1n
n
k=1
γ (x0(k), xi(k)),
is called the degree of grey relation between X0 and Xi. The
degree of grey relation γ (X0, Xi) is commonly written as γ0i
with the grey relational coefficientγ (x0(k), x(k)) as γ0i(k). γ0i >
γ0j indicates a degree of relation greater for Xi than Xj, written
Xi ≻ Xj. It means that sequence Xi is most similar to sequence
X0 [30,31].
2.2. The absolute degree of grey relation, the relative degree of grey
relation and the synthetic degree of grey relation [4,6]
Let:
Xi = {xi(1), xi(2), . . . , xi(n)},
and:
Xj = {xj(1), xj(2), . . . , xj(n)},
be two sequences of the same length, which is defined to be the
sum of the distances between two consecutive time moments,
and:
si =
n−1
k=2
x0i (k)+
1
2
x0i (n),
sj =
n−1
k=2
x0j (k)+
1
2
x0j (n),
si − sj =
n−1
k=2
(x0i (k)− x0j (k))+
1
2
(x0j (n)− x0j (n)),
where:
x0i (k) = xi(k)− xi(1), x0j (k) = xj(k)− xj(1).
Then:
εij = 1+ |si| + |sj|1+ |si| + |sj| + |si − sj| , (4)
is referred to as the absolute degree of grey relation between Xi
and Xj.
Assume that two sequences, Xi = {xi(1), xi(2), . . . , xi(n)}
and Xj = {xj(1), xj(2), . . . , xj(n)}, are of the same length with
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′
j are normalized by
initial value. Then, the absolute degree of grey relation between
X ′i and X
′
j is called the relative degree of grey relation, or relative
degree of relation for short, denoted as rij:
rij =
1+ |s′i| + |s′j|
1+ |s′i| + |s′j| + |s′i − s′j|
. (5)
The concept of relative degree of relation of sequences Xi and Xj
is a quantitative representation of the rates of change of Xi and
Xj relative to the starting points. The closer the rates of change
of Xi and Xj are, the greater rij is, and vice versa.
Assume that Xi and Xj are two sequences of the same length
with non-zero initial values, then, the relative degree rij of
relation and the absolute degree εij of relation between Xi and
Xj do not have to have any connections. When εij is relatively
great, rij may be very small. When rij is relatively great, εij may
be very small. So:
ρij = θεij + (1− θ)rij, θ ∈ [0, 1], (6)
is called the synthetic degree of grey relation of Xi and Xj.
Synthetic degree of grey relation is a numerical index, which
describes well the overall relationship of closeness between
sequences. For example, it reflects the similarity between the
zigzagged line Xi and Xj, and also depicts the degree of close-
ness of the rates of change of Xi and Xj, with respect to their
initial points. In general, we can take θ = 0.5. If we aremore in-
terested in the relationship between some absolute quantities,
some greater value can be used as θ . If we are puttingmore em-
phasis on rates of change, some smaller value can be employed
for θ .
2.3. The grey convex relational degree for two-dimensional
data [19]
The following definition is well known in the literature: a
function f : I → R,∅ ≠ I ⊆ R is said to be convex on I if
inequality:
f

x1 + x2
2

6
f (x1)+ f (x2)
2
,
holds for all x1, x2 ∈ I .
Definition 2.3.1 ([19,32,33]). A real sequence X = (x(1), x(2),
. . . , x(n)) is said to be a convex sequence if 2x(k) 6 x(k − 1)
+ x(k + 1) for all k = 2, 3, . . . , n − 1. A real sequence X =
(x(1), x(2), . . . , x(n)) is said to be a concave sequence if the
above reverse inequality holds.
Definition 2.3.2 ([19]). For a real sequence X = (x(1),
x(2), . . . , x(n)),
d = x(k+ 1)+ x(k− 1)
2x(k)
, k = 2, 3, . . . , n− 1, (7)
is said to be the degree of convexity at point k.
Definition 2.3.3. Given a reference sequence:
X0 = (x0(1), x0(2), . . . , x0(n)),
and comparative sequences:
Xi = (xi(1), xi(2), . . . , xi(n)), i = 1, 2, . . . ,m,the grey convex relational coefficient for two-dimensional data
between X0 and Xi at point kwas defined as follows:
γ (x0(k), xi(k)) = 11+ |d0(k)− di(k)| ,
γ (X0, Xi) = 1n− 2
n−1
k=2
γ (x0(k), xi(k)), (8)
is said to be the grey convex relational degree for two-
dimensional data between X0 and Xi, where di(k) is the degree
of convexity at point k of sequence Xi, i = 0, 1, 2, . . . ,m. Grey
convex relational degree for two-dimensional data do not need
dimensionless transition.
3. Grey convex relational degree for three-dimensional
panel data
The following definition is well known in the literature: a
second order differentiable continuous function f : I → R2,
∅ ≠ I ⊆ R2, is said to be convex on convex set I if the Hessian
matrixH(Xi(s, t)), which is a positive semidefinitematrix, holds
for all (s, t) ∈ I , i.e., each principal sub-matrix of H(Xi(s, t)) is
nonnegative.
Definition 3.1. Given the system’s behavioral matrix:
Xi =
xi(1, 1) xi(1, 2) · · · , xi(1, n)xi(2, 1) xi(2, 2) · · · , xi(2, n)· · · · · · · · · , · · ·
xi(m, 1) xi(m, 2) · · · , xi(m, n)

(i = 1, 2, . . . , L),
the normalized matrix X ′i by mean value can be derived as:
X ′i =
x
′
i(1, 1) x
′
i(1, 2) · · · , x′i(1, n)
x′i(2, 1) x
′
i(2, 2) · · · , x′i(2, n)· · · · · · · · · , · · ·
x′i(m, 1) x
′
i(m, 2) · · · , x′i(m, n)

(i = 1, 2, . . . , L),
where:
x′i(s, t) =
xi(s, t)
x(s, t)
, x(s, t) = 1
L
L
i=1
xi(s, t),
s = 1, 2, . . . ,m, m > 3, t = 1, 2, . . . , n, n > 3.
Then:
H(X ′i (s, t)) =
∂
2(x′i(s, t))
∂s2
∂2(x′i(s, t))
∂s∂t
∂2(x′i(s, t))
∂t∂s
∂2(x′i(s, t))
∂t2
 ,
(i = 1, 2, . . . , L),
is a good approximation of the Hessian matrix at point (s, t)
for matrix X ′i . If the Hessian matrix H(X
′
i (s, t)) is a positive
semidefinite matrix, which holds for (s, t) ∈ I , i.e., each
principal sub-matrix of H(X ′i (s, t)) is nonnegative, then X
′
i is
said to be convex.
where:
∂(x′i(s, t))
∂s
= x′i(s+ 1, t + 1)− x′i(s, t + 1),
∂(x′i(s, t))
∂s∂t
= x′i(s+ 1, t + 1)− x′i(s, t + 1)
− (x′i(s+ 1, t)− x′i(s, t)),
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∂t∂s
= x′i(s+ 1, t + 1)− x′i(s+ 1, t)
− (x′i(s, t + 1)− x′i(s, t)),
∂(x′i(s, t))
∂t
= x′i(s+ 1, t + 1)− x′i(s+ 1, t), i = 2, . . . , n.
We called:
(X ′i )11(s, t) =
∂(x′i(s, t))
∂s2
,
(X ′i )22(s, t) =
∂2(x′i(s, t))
∂s2
∂2(x′i(s, t))
∂t2
− ∂
2(x′i(s, t))
∂s∂t
∂2(x′i(s, t))
∂t∂s
,
is the convex degree for X ′i at point (s, t).
Definition 3.2. Given the system’s dimensionless behavioral
matrix:
X ′i =

x′i(1, 1) x
′
i(1, 2) · · · , x′i(1, n)
x′i(2, 1) x
′
i(2, 2) · · · , x′i(2, n)
· · · · · · · · · , · · ·
x′i(m, 1) x
′
i(m, 2) · · · , x′i(m, n)

(i = 0, 1, 2, . . . , L,m > 3, n > 3).
X ′0 is the reference matrix, and X
′
i (i = 1, 2, . . . , L) is the com-
parative matrix. Let:
γ 110i =
1
1+ |(X ′0)11(s, t)− (X ′i )11(s, t)|
,
γ 220i =
1
1+ |(X ′0)22(s, t)− (X ′i )22(s, t)|
,
to be the grey relational coefficients, then:
γ0i = 1n(m− 2)
n
t=1
m−1
s=2
γ 110i (s, t)
+ 1
(n− 2)(m− 2)
n−1
t=2
m−1
s=2
γ 220i (s, t), (9)
is said to be the grey convex relational degree for three-
dimensional panel data (GRPD) between X0 and Xi, i = 1, 2,
. . . , L. If γ0i > γ0j, we say that factor X ′i is superior to factor X
′
j ,
written X ′i ≻ X ′j . The more alike the two behavioral matrix are,
the greater the grey convex relational degree is.
Definition 3.3. When s is a variant at time moment t such that
the greater its effect value is the better, let:
x′0(s, t) = max{x′i(s, t), i = 1, 2, . . . , L}.
When s is a variant at time moment t such that the closer to a
fixed moderate value x′k(s, t) its effect value is the better, let:
x′0(s, t) = {x′i(s, t), }, i ∈ {1, 2, . . . , L}.
When s is a variant at time moment t such that the closer to a
fixed moderate value xk
′
(s, t) its effect value is the better, let:
x′0(s, t) = min{x′i(s, t), i = 1, 2, . . . , L}.
Then:
X ′0 =

x′0(1, 1) x
′
0(1, 2) · · · , x′0(1, n)
x′0(2, 1) x
′
0(2, 2) · · · , x′0(2, n)
· · · · · · · · · , · · ·
x′0(m, 1) x
′
0(m, 2) · · · , x′0(m, n)
 ,
is the optimum effect matrix (reference matrix).The calculate of the GRPD can be summarized as follows:
Step 1. The raw data are normalized by mean value for
dimensionless;
Step 2. Set the optimum effect matrix X ′0, which is used as the
reference matrix;
Step 3. Calculate the GRPD γ0i, i = 1, 2, . . . , L;
Step 4. Arrange the sampled administrative areas into order.
4. Numerical experiment
Case: Evaluating the Bohai-Rim economic circle’s urban
environmental sustainability in China [34]
Bohai-Rim Economic Circle covers Liaodong and Shangdong
peninsulas, Hebei Province, Beijing and Tianjin municipalities,
and radiates to Shanxi and Liaoning provinces and parts of the
Inner Mongolia Autonomous region, China. The circle accounts
for 12% of China’s territory and 20% of the country’s population.
At present, its economic aggregate and foreign trade volume,
respectively, account for one-fourth of the country’s total, and
its economic growth has drawn the attention of the world. We
consider an example frompaper [24], and choose Beijing, Hebei,
Tianjing, Shangdong and Liaoning as the evaluation samples,
GDP per capita (GDPC), energy footprint per capita (ENPC) and
ecological footprint per capita (ECPC) as the evaluation index of
each sample. The sample data is from paper [34], and the raw
values of GDPC, ENPC and ECPC from five administrative areas
around the Bohai Sea are presented in Table 1.
The GDP per capita is an objective such that the greater
its effect value is the better. The energy footprint per capita
is an objective such that the smaller its effect value is the
better. The ecological footprint per capita is the same as the
energy footprint per capita. Then, the optimum effect matrix is
presented in Table 2.
We use the data from 2002 to 2007 to calculate the grey
convex relational degree.
Step 1. The raw data are normalized by mean value for
dimensionless.
X ′Shandong
=

0.1350 0.1382 0.1444 0.1495 0.1534 0.1564
0.1349 0.1436 0.1477 0.1650 0.1715 0.1828
0.1374 0.1384 0.1362 0.1482 0.1505 0.1547

,
X ′Beijing
=

0.3388 0.3341 0.3241 0.3381 0.3285 0.3283
0.2612 0.2479 0.2375 0.2179 0.2099 0.2082
0.2859 0.2762 0.2654 0.2513 0.2506 0.2489

,
X ′Tianjing
=

0.2628 0.2696 0.2776 0.2638 0.2669 0.2585
0.2514 0.2470 0.2491 0.2395 0.2362 0.2219
0.2487 0.2559 0.2619 0.2556 0.2543 0.2559

,
X ′Hebei
=

0.1086 0.1095 0.1146 0.1100 0.1105 0.1121
0.1442 0.1547 0.1599 0.1755 0.1855 0.1947
0.1309 0.1362 0.1394 0.1504 0.1491 0.1450

,
X ′Liaoning
=

0.1547 0.1486 0.1392 0.1386 0.1406 0.1447
0.2084 0.2068 0.2059 0.2021 0.1969 0.1924
0.1972 0.1934 0.1971 0.1946 0.1955 0.1956

.
Step 2. Set the optimum effect matrix X ′0, which is used as the
reference the matrix.
X ′0 =

0.3388 0.3341 0.3241 0.3381 0.3285 0.3283
0.1349 0.1436 0.1477 0.1650 0.1715 0.1828
0, 1309 0, 1362 0.1362 0.1482 0.1491 0.1450

.
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Year Index Beijing Tianjing Hebei Liaoning Shangdong The optimum variant
2002
GDPC (Yuan) 28449 23467 9115 12986 11340 28449
ENPC (hm2) 1.6372 1.5761 0.9037 1.3062 0.8455 0.8455
ECPC (hm2) 3.1962 2.781 1.4636 2.2048 1.5358 1.4636
2003
GDPC (Yuan) 32061 27945 10513 14258 13268 32061
ENPC (hm2) 1.6278 1.6214 1.0159 1.3578 0.9428 0.9428
ECPC (hm2) 3.2422 3.0044 1.5986 2.2703 1.6245 1.5986
2004
GDPC (Yuan) 36832 33478 13017 15822 16413 36832
ENPC (hm2) 1.7561 1.8418 1.1822 1.5222 1.0923 1.0923
ECPC (hm2) 3.3374 3.2944 1.7529 2.4795 1.7126 1.7126
2005
GDPC (Yuan) 45444 35783 14782 18623 20096 45444
ENPC (hm2) 1.8312 2.0123 1.4747 1.6987 1.3866 1.3866
ECPC (hm2) 3.4575 3.5163 2.069 2.6778 2.0387 2.0387
2006
GDPC (Yuan) 50407 40326 16962 21574 23546 50407
ENPC (hm2) 1.8934 2.131 1.6739 1.7761 1.5476 1.5476
ECPC (hm2) 3.5712 3.6235 2.1245 2.7865 2.1453 2.1245
2007
GDPC (Yuan) 58204 45007 19877 25648 27723 58204
ENPC (hm2) 2.0138 2.1468 1.8832 1.8615 1.7684 1.7684
ECPC (hm2) 3.68 232 3.7865 2.1456 2.8937 2.2883 2.1456Table 2: The optimum effect matrix X ′0 .
Year GDPC effect value ENPC effect value ECPC effect value
2002 1.666471408 0.674382248 0.654479761
2003 1.635014534 0.717973712 0.680834753
2004 1.593603434 0.738579504 0.680856816
2005 1.686509115 0.825013387 0.740844374
2006 1.64928181 0.857681224 0.717911114
2007 1.649221632 0.914024623 0.725041226
Step 3. Calculate the GRPD γ0i, i = 1, 2, . . . , L.
XShandong = 0.710, XBeijing = 0.831,
XTianjing = 0.759, XHebei = 0.647,
XLiaoning = 0.683.
Step 4. Then, arrange the sampled administrative areas into
order:
XBeijing ≻ XTianjing ≻ XShandong ≻ XLiaoning ≻ XHebei.
Actually, as municipalities directly under the central govern-
ment, Beijing andTianjing economic growth ismore sustainable
than the other three provinces. Given the scarcity of resources
in China, it is important for economic growth not to depend on
energy consumption and ecological unbalance to achieve sus-
tainability. Shandong, Liaoning, and Hebei need to improve the
economic development structure. These regional disparities are
too great to be ignored by China’s government.
5. Conclusion
The grey convex relational degree we put forward is
a three-dimensional model involving the energy, economic,
and ecology dimensions of sustainability in this paper. The
results reveal that the grey convex relational degree for three-
dimensional panel data is effective and feasible, which con-
sidered the long-term data. Future studies could investigate
sustainability performance in other countries or areas in or-
der to confirm the generality of the grey convex relational
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